In this study, we consider the robust uncapacitated multiple allocation p -hub median problem under polyhedral demand uncertainty. We model the demand uncertainty in two different ways. The hose model assumes that the only available information is the upper limit on the total flow adjacent at each node, while the hybrid model additionally imposes lower and upper bounds on each pairwise demand. We propose linear mixed integer programming formulations using a minmax criteria and devise two Benders decomposition based exact solution algorithms in order to solve large-scale problems. We report the results of our computational experiments on the effect of incorporating uncertainty and on the performance of our exact approaches.
Introduction
Hubs are facilities that consolidate and distribute flow from many origins to many destinations. Hub structure is common in transportation networks that benefit from economies of scale such as airline and cargo delivery networks. Many variants of hub location problems have been studied in the last few decades. The p -hub median problem is one of the most studied problems in the hub location literature. In the p -hub median problem, the aim is to locate p hubs and to route the flow between origin-destination pairs through these hubs so that the total transportation cost is minimized. Direct shipments between nonhub nodes are usually not allowed. There are variants of the problem where a nonhub node can send and receive traffic through all hubs and others where there is a restriction on the number of hubs that a nonhub node can be connected to. The former is known as the multiple allocation setting. In some other variants, hub or edge capacities are imposed. In this paper, we study an uncapacitated p -hub median problem with multiple allocation and no direct shipments. In the p -hub median problem, the routing cost between two hub nodes is discounted independently of the amount of flow travelling between these two hubs. For this reason, this problem may not model the discounts due to economies of scale correctly. On the other hand, it has applications in intermodal transportation where discounts on hub-to-hub transfers apply due to the use of a cheaper transportation mode such as rail or maritime transportation.
An important issue that arises while designing a hub network is coping with the uncertainty in the data. The p -hub median problem is solved in the strategic planning phase, usually before actual point-to-point demand values are realized and the network starts operating. The demand may have large variations depending on the seasons, holidays, prices, level of economic activities, population, service time and quality and the price and quality of the services provided by the competitors. A decision made based on a given realization of the data may be obsolete in time of operation.
The uncertainty in the demand values can be modeled in various forms: (i) the probability distribution of demand values may be known; (ii) the probability distribution may not be known but demands can take any value in a given set; (iii) a discrete set of possible scenarios may be identified. In this study, we model uncertainty with a polyhedral set. More precisely, we consider the hose model and its restriction with box constraints. The hose model has been introduced by Duffield et al. (1999) and Fingerhut et al. (1997) to model demand uncertainty in virtual private networks. In the hose model, the user specifies aggregate upper bounds on inbound and outbound traffic of each node. Modeling uncertainty with this model has several advantages. First, it is simpler to estimate a value for each node compared to for each node pair. Second, it has resource-sharing flexibility. Third, it is less conservative compared to a model in which each origin-destination demand is set to its worst case value. Finally, it has the advantage of reducing statistical variability through aggregation. Still, the hose model contains extreme scenarios in which few origin destination pairs may have large traffic demands and remaining pairs may have zero traffic. To consider more realistic situations, Altın et al. (2011a ) propose to use a hybrid model where lower and upper bounds on individual traffic demands are added to the hose model. This requires estimation of bounds for each node pair but leads to less conservative solutions. These uncertainty models are suitable for transportation applications where pairwise demands are often estimated based on factors such as the population, level of economic activity and access to transportation infrastructure at origins and destinations (see, e.g., Bhadra, 2003 who examines the relationship between origin and destination travel and local area characteristics and Hsiao and Hansen, 2011 ) . The hose model is a simple way of modeling correlations such as a person flying from Istanbul to Paris is not flying at the same time from London to Istanbul.
To hedge against uncertainty in the demand data, we adopt a minmax robustness criterion and minimize the cost of the network under the worst case scenario. In robust optimization, commonly, one does not make assumptions about the probability distributions, rather assumes that the data belongs to an uncertainty set. A robust solution is one whose worst case performance over all possible realizations in the uncertainty set is the best (see, e.g., Atamtürk, 2006; Ben-Tal et al., 2004; Ben-Tal and Nemirovski, 1998 , 2008 Bertsimas and Sim, 20 03, 20 04; Mudchanatongsuk et al., 20 08; Ordóñez and Zhao, 2007; Yaman et al., 2001 Yaman et al., , 2007b .
In this study, we introduce the robust multiple allocation p -hub median problem under hose and hybrid demand uncertainty. Our contribution is to incorporate demand uncertainty into a classical problem and to investigate the gain of recognizing the uncertainty. We derive mixed integer programming formulations and propose exact solution methods based on Benders decomposition. In our computational experiments, we first analyze the changes in cost and hub locations with different uncertainty sets. Then we test the limits of solving the model with an off-the-shelf solver and compare the performances of two decomposition approaches. Our computational experiments showed that the decomposition algorithms are able to solve large instances that cannot be solved with an off-the-shelf solver and that it is possible to obtain significant cost savings in case of demand fluctuations by incorporating uncertainty into the decision making process.
The rest of the paper is organized as follows. In Section 2 , we review the related studies in the literature. In Section 3 , we introduce the robust multiple allocation p -hub median problem under hose and hybrid demand uncertainty and propose mixed integer programming formulations. We devise two different Benders decomposition based exact solution algorithms in Section 4 and report our computational findings in Section 5 . We conclude in Section 6 .
Literature review
Hub location has grown to be an important and well-studied area of network analysis. Detailed surveys of studies on hub location are given in Campbell (1994b ) , O'Kelly and Miller (1994) , Klincewicz (1998 ) , Campbell et al. (2002 , Alumur and Kara (2008) , Campbell and O'Kelly (2012) and Farahani et al. (2013) .
Here we review first the studies on the uncapacitated multiple allocation p -hub median problem (UMA p HMP) and then the studies on hub location problems under data uncertainty.
UMA p HMP is first formulated by Campbell (1992) . Alternative formulations with four index variables are given by Campbell (1994a ) and Skorin-Kapov et al. (1996) . Ernst and Krishnamoorthy (1998a ) propose a three-indexed formulation based on aggregated flows. Various exact and heuristic solution algorithms are devised to solve UMA p HMP efficiently (see, e.g., Campbell, 1996; Ernst and Krishnamoorthy, 1998a; 1998b ) . Besides, the variant of the problem where the number of hubs is not fixed, namely the uncapacitated multiple allocation hub location problem with fixed costs (UMAHLP), is studied by Campbell (1994a ) , Klincewicz (1996) , Ernst and Krishnamoorthy (1998a ) , Ebery et al. (20 0 0) , Mayer and Wagner (20 02) , Boland et al. (2004) , Hamacher et al. (2004) , Marín (2005) , Cánovas et al. (2007) and Contreras et al. (2011a ) . Since this problem is analogous to the UMA p HMP, most of the solution methods can be adapted to solve the UMA p HMP.
Several Benders decomposition based approaches have been proposed to solve the uncapacitated multiple allocation hub location problems and they proved to be effective. To the best of our knowledge, Camargo et al. (2008) are the first ones to apply Benders decomposition to the uncapacitated multiple allocation hub location problem. They propose three different Benders approaches. The first one is the classical approach, which adds a single cut at each iteration, while the second is the multi-cut version in which Benders cuts are generated for each origin-destination pair. Another variant allows an error margin for the cuts added and the algorithm terminates when an -optimal solution is obtained. They solve instances with up to 200 nodes and conclude that the single-cut version of the algorithm shows the best computational performance. Contreras et al. (2011a ) propose a Benders decomposition algorithm to solve UMAHLP. They generate cuts for each candidate hub location instead of each origin-destination pair. They construct pareto-optimal cuts in order to improve the convergence of the algorithm and offer elimination tests to reduce the size of the problem. Using the proposed approaches, they succeed to solve instances with up to 500 nodes.
Benders decomposition is also used to solve other variants of the multiple allocation hub location problems. study UMAHLP where the discount factor for the connections between hub nodes is defined as a piecewiselinear concave function. They devise two Benders decomposition algorithms generating cuts for each origin-destination pair in each Benders iteration. Instances with up to 50 nodes from the Civil Aeronautics Board (CAB) data set and Australian Post (AP) data set are solved within six hours of CPU time. Gelareh and Nickel (2011) work on UMAHLP for the urban transportation and liner shipping networks where the hub network is incomplete and the triangularity assumption does not hold. In order to solve this problem, they proposed a Benders decomposition algorithm such that cuts are generated for each node instead of each origin-destination pair. The algorithm is tested on the AP data set instances with up to 50 nodes and all the instances are solved within one hour.
Many variants of the hub location problem have been studied in the last decades: O' Kelly and Miller (1994) , Nickel et al. (2001) , Yoon and Current (2008) , Calık et al. (2009) and Alumur et al. (2009) relax the assumption of a complete hub network. Labbé and Yaman (2008) , Yaman (2008) and Yaman and Elloumi (2012) study problems with star hub networks. Yaman et al. (2007a ) study the problem with stopovers. Contreras et al. (2010) study a tree structure and Yaman (2009) and Alumur et al. (2012b ) study hierarchical hub networks. The problem of locating a given number of hub arcs with discounted costs is introduced in Campbell et al. (20 05a, 20 05b) . Podnar et al. (2002) propose to discount the transportation cost of the flows exceeding a threshold. O'Kelly and Bryan (1998) , Horner and O'Kelly (2001) and model economies of scale as a function of flow. Yaman (2011) studies the r -allocation variant where a node can be allocated to up to r hub nodes and O' Kelly et al. (2015) study the problem with fixed arc costs. An et al. (2015) consider disruptions in the hub network and incorporate reliability issues into the hub location problem. Correia et al. (2010) study the problem where the sizes of the hubs are also decided along with their locations.
Even though the classical hub location problems and their variants are well studied over the years, the literature addressing data uncertainty in the context of hub location problems is rather limited. Marianov and Serra (2003) investigate a hub location problem in an air transportation network in which hubs are assumed to behave as M / D / c queues. The probability that the number of planes in the queue exceeds a certain number is bounded above. This restriction is later transformed into a capacity constraint for the hubs. The authors propose a tabu search based heuristic method and test it using the CAB data set and a randomly generated data set containing 900 instances with 30 nodes.
Yang (2009) introduces demand uncertainty into the air freight hub location and flight routes planning problem in a twostage stochastic programming setting. In the first stage, the number of hubs to be opened and the locations of these hubs are determined. The second stage deals with the flight routing decisions in response to different demand scenarios considering the hub locations determined in the first stage. Computational experiments are performed using real data from TaiwanChina air freight network. Comparison of the stochastic model with the deterministic model based on average demands shows that incorporating uncertainty into the problem leads to improvements in the total cost. Sim et al. (2009) study stochastic p -hub center problem with normally distributed travel times. They use a chance constraint to guarantee the desired service level. They propose several heuristic algorithms and test them on the CAB and the AP data sets. Contreras et al. (2011b ) consider the uncapacitated multiple allocation hub location problem under demand and transportation cost uncertainty. They show that the stochastic models for this problem with uncertain demands or transportation costs dependent to a single uncertain parameter are equivalent to the deterministic problem with mean values. This is not the case for the problem with stochastic independent transportation costs. This latter problem is solved using Benders decomposition and a sample average scheme. They use the AP data set to test the efficiency and effectiveness of the proposed models and algorithms. Alumur et al. (2012a ) study both multiple and single allocation hub location problems with setup costs and point-to-point demands as sources of uncertainty. The uncertainty in the setup costs is handled by a minmax regret formulation while demand uncertainty is modeled with a stochastic programming formulation. They integrate these two cases and propose a model considering both setup cost and demand uncertainty. Computational analysis of the proposed models is performed with more than 150 instances on the CAB data.
Most recently, Shahabi and Unnikrishnan (2014) study the single and multiple allocation hub location problems with ellipsoidal demand uncertainty. They propose mixed integer conic quadratic programming formulations and a linear relaxation strategy. The proposed models are tested on the CAB data set with 25 nodes and it is concluded that more hubs are opened as the level of uncertainty increases.
Different from the studies summarized above, in this study, we adopt two polyhedral uncertainty sets from the telecommunications literature, namely hose and hybrid models, to represent the uncertainty in the demand data. We formulate the UMA p HMP under hose and hybrid demand uncertainty as mixed integer linear programming problems. Motivated by successful implementations of Benders decomposition to solve hub locations problems, we propose two different exact decomposition algorithms to solve large-scale instances. Note that the solution methods proposed in this study can be easily adapted to solve the uncapacitated multiple allocation hub location problem where the number of hubs to be opened is not fixed and there is a cost associated with installing hub facilities.
Models
In this section, we devise mathematical models for the multiple allocation p -hub median problem under different models of demand uncertainty. We consider the uncapacitated problem where the hub network is complete and there is no direct connection between nonhub nodes. Several formulations are developed for the deterministic UMA p HMP. We use the model proposed by Hamacher et al. (2004) .
We are given a set of demand points N = { 1 , . . . , n } and a set of possible hub locations H = { 1 , . . . , h } . In the deterministic problem, we know the traffic demand w ij from node i to node j for all distinct pairs i and j (we assume that w ii = 0 for all nodes i ). Let C = { (i, j) : i, j ∈ N, i = j} . We denote by d ij the cost of transporting one unit of demand from node i to node j . We have cost multipliers χ, α and δ for collection, transfer between hubs and distribution, respectively. Hence the cost of transporting one unit of demand from node i to node j through hubs k and m is equal to c i jkm = χd ik + αd km + δd m j .
For completeness, we first present the model of Hamacher et al. (2004) for the deterministic problem. Let y k be 1 if a hub is located at location k and be 0 otherwise and x ijkm be the fraction of flow from node i to node j sent through hubs k and m in that order. The model is as follows:
The objective is to minimize the total transportation cost. Constraint (2) ensures that p hubs are located in the network. Constraints (3) guarantee that the demand between each origin-destination pair is fully satisfied. Constraints (4) assure that the flow can go through only installed hub facilities. Constraints (5) and (6) are the domain constraints.
We consider two demand uncertainty models, the hose model and the hybrid model. In the telecommunications community, the hose model is a popular way to model demand uncertainty. It puts limitations on the total demand associated to demand nodes, rather than estimating pairwise demand values.
The total demand adjacent at each node i ∈ N is required to be less than or equal to a finite and non-negative upper bound b i . The uncertainty set under hose uncertainty model is
The robust multiple allocation p -hub median problem under hose uncertainty asks to decide on the locations of hubs and the routes for origin-destination pairs so that the worst case cost over all possible demand realizations in set D hose is minimized, i.e.,
where X is the set defined by constraints (2) -(6) .
As such, this problem is a nonlinear problem. Next we apply the dual transformation used to linearize minmax type robust optimization problems (see, e.g., Altın et al., 2011b; Bertsimas and Sim, 2003 ) . For given ( x, y ) ∈ X , the problem
is a linear programming problem that is feasible and bounded. Hence, its optimal value is equal to the optimal value of its dual. Using this result, robust UMA p HMP with hose demand uncertainty can be modeled as the following mixed integer program:
where λ i is the dual variable associated with the constraint
The second uncertainty set we study is the hybrid set proposed by Altın et al. (2011b ) :
where l ij and u ij are lower and upper bounds for the traffic demand from node i to node j with 0 ≤ l ij ≤ u ij . Note that when l i j = 0 and u ij ≥ min { b i , b j } for all distinct pairs i and j , D hybrid = D hose . In addition, when u i j = l i j for all ( i, j ) ∈ C and
for all i , we have the deterministic problem.
The robust multiple allocation p -hub median problem under hybrid uncertainty can be modeled as follows:
where β ij and μ ij are the dual variables associated with the upper and lower bound constraints, respectively.
Both models UMA p HMP Hose and UMA p HMP Hybrid are compact mixed integer programming models that can be solved using a general purpose solver. However, as the number of nodes grows, the sizes of these formulations grow quickly. In the sequel, we propose decomposition algorithms to deal with these large mixed integer programs.
Benders decomposition
Benders decomposition is a row generation based exact solution method that can be applied to solve large-scale mixed integer programming problems ( Benders, 1962 ) . In this technique, the problem is reformulated using a smaller number of variables and a large number of constraints. Then this reformulation is solved using a cutting plane approach. The relaxation solved at each iteration is called as the master problem and the problem that finds a cutting plane is called as the subproblem.
Benders decomposition uses the fact that computational difficulty of a problem increases as the problem size increases and instead of solving a single large problem, solving smaller problems iteratively may be more efficient in terms of the computational effort required. With this motivation, we apply Benders decomposition to the robust UMA p HMP under polyhedral demand uncertainty. In the classical Benders approach, the master problem is solved to optimality at each iteration. In our implementations, we use a branch-and-cut framework to solve the master problem in a single attempt by utilizing recent developments in off-the-shelf solvers. Benders cuts are separated each time a candidate integer solution is found in the branch-and-cut tree of the master problem. In this way, we avoid the computational burden of solving an integer problem at each iteration.
We decompose UMA p HMP with polyhedral demand uncertainty in two different ways. We present our approach for only the hybrid uncertainty model since the hose model is a special case with l i j = 0 and
Decomposition with only location variables in the master
Consider the formulation UMA p HMP Hybrid we provided in the previous section. For given hub locations represented with vector ˆ y , the problem becomes
Note here that we modified constraints (18) as inequalities since the above model has an optimal solution where these inequalities are tight. Problem PS1 is a linear programming problem. It is feasible and bounded when
We associate dual variables ω ij , ρ ij and ν ijk to constraints (17) - (19) , respectively. Then the dual subproblem is (DS1) max
and is also feasible and bounded by strong duality. Hence, the robust UMA p HMP under hybrid demand uncertainty can be modeled as the master problem
where ( ρ t , ν t , ω t ) is the t th extreme point of the set defined by (23) -(28) . We solve this master problem iteratively using constraints (30) 
which is equivalent to
Now the inner problem decomposes into n (n − 1) problems:
which is the dual of
This problem can be solved by inspection and an optimal dual solution can be constructed using complementary slackness conditions as explained by Contreras et al. (2011a) . We note here that the dual problem computes the worst case cost for a given choice of hub locations and it uses the fact that each commodity is routed on a shortest path from its origin to its destination, independently of the demand realizations. Hence, we first compute the length of a shortest path for each origindestination pair and then solve a linear problem to find the demand realization for which the routing cost is maximum. Besides, different from the deterministic case, the cut (30) cannot be disaggregated into cuts for nodes or for node pairs since the problem DS1 does not decompose.
Decomposition by projecting out the routing variables
When we fix (y, λ, β, μ) 
which is a feasibility problem. For this problem to be feasible, we need its dual to be bounded. In other words, by Farkas' lemma, we need First note that this system decomposes for each pair ( i, j ). In addition, since the vector can be scaled, we take γ ij to be 0 or 1 without loss of generality.
This is always satisfied when k ∈ H ˆ y k ≥ 1 . Hence, the only interesting case is γ i j = 1 . Consequently, we can conclude that the feasibility problem has a solution if for all ( i, j ) ∈ C we have
After projecting out the x variables, the model becomes 
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) is the t th extreme point of M ij , which has T ij extreme points. Hence the dual subproblem for each ( i, j ) ∈ C can be stated as which is the dual of a shortest path problem from i to j for each ( i, j ) ∈ C . Again the dual variables ρ and ν can be obtained using the algorithm provided in Contreras et al. (2011a) .
Observe that keeping the dual variables λ i 's in the master problem enables us to disaggregate the cuts (30) into multiple cuts, one for each node pair.
Computational analysis
For computational analysis, we used the Civil Aeronautics Board (CAB) data set with 25 nodes, the Turkish network (TR) data set with 81 nodes and the Australian Post (AP) data set with up to 200 nodes. All data sets are well-known and commonly used in the hub location literature (accessible from OR-Library (2015) ). The CAB data set ( Fig. 1 ) was introduced by O'Kelly (1987) and is based on airline passenger interactions between 25 US cities in 1970. In this data set, the cost and demand values are symmetric and flow from one node to itself is not allowed. The unit collection and distribution cost factors are taken as χ = δ = 1 while the unit transfer cost factor α is allowed to be 0.2, 0.4, 0.6, 0.8 so that c i jkm
We also consider the TR data set ( Fig. 2 ) containing data for 81 cities of Turkey for cargo delivery. The unit collection, distribution and transfer cost factors are taken as in the CAB data set. Different from the CAB data, the pairwise demand values are not symmetric in the TR data set. We use the original distance values and, for the ease of representation, scale the demand values by dividing with 10 0 0.
Although the CAB and the TR data sets are small-to-medium size, the AP data set is available for larger instances. The AP data set is initially introduced by Ernst and Krishnamoorthy (1996) and it consists of postal delivery data for 200 postcode districts in Australia. The unit collection, transfer and distribution cost factors are taken as χ = 3 , α = 0 . 75 and δ = 2 . In the AP data set, demand and flow values are not symmetric. For the uniformity of computation, we do not allow flow from a node to itself even though the AP data set contains such demand values.
In order to set the problem parameters, we use the nominal demand values of the deterministic problem instances. To be able to compare our results with the available benchmark instances, we generate our traffic bounds as b i = j∈ N\{ i } (w i j + w ji ) for all i ∈ N . For the hybrid model, we let l i j = max { 0 , (1 − ψ ) w i j } and u i j = (1 + ψ ) w i j for all distinct pairs i and j , with ψ ∈ {0.2, 0.4, 0.6, 0.8, 1, 2}. All demand nodes are taken as candidate locations for hubs, i.e., H = N. The experiments are done on a 64-bit machine with Intel Xeon E5-2630 v2 processor at 2.60 GHz and 96GB of RAM using Java and CPLEX 12.5.1. Benders reformulations are implemented using the lazy constraint callback function available in CPLEX. We set a time limit of ten hours. All solution times are given in seconds.
The changes in the transportation costs and hub locations
First we compare the hub location decisions made for each uncertainty set and their total transportation costs. In Table 1 , we present results of different uncertainty sets using the CAB data set instances with 25 nodes, p ∈ {2, 3, 4, 5} and α ∈ {0.2, 0.4, 0.6, 0.8}. We obtained these results by solving our models using the solver CPLEX. For each p, α and uncertainty set, we report the optimal value and the locations of hubs in the optimal solutions.
When we compare the hub locations of the deterministic model, with those of the hose model, we see that there has been a change in the hub locations in 12 out of 16 instances. The hubs that are closed are usually replaced with a nearby alternative. For example, in the instance with p = 3 and α = 0 . 4 , the hubs are installed in Chicago (4), Los Angeles (12) and New York (17) in the deterministic model, whereas the hub at Chicago (4) is replaced with a hub at Cincinnati (5) in the hose model solution. The hub locations of some instances shift several times as the uncertainty set enlarges. Consider the instance with p = 3 and α = 0 . 2 . In the deterministic case, hubs are installed at Los Angeles (12), New York (17) and St. Louis (21). As we switch to hybrid uncertainty set with ψ = 0 . 4 , Chicago (4) replaces St. Louis (21) in the optimal solution; whereas Chicago (4) is replaced with Cincinnati (5) in the hose model solution. Some instances are more sensitive to the demand model changes. The optimal hub locations of the instance with p = 3 and α = 0 . 8 change for the hybrid models with ψ = 0 . 2 , 0 . 4 , 0 . 8 , 1 , 2 and the hose model. Moreover, the optimal hub locations for some instances change for the hybrid model, but not the hose model. In the instance with p = 2 and α = 0 . 6 , the hubs are located at Los Angeles (12) and Pittsburgh (20) for both deterministic and the hose models. However, considering the hybrid models with ψ = 0 . 6 , 0 . 8 , 1 , the hub at Los Angeles (12) is moved to Denver (8).
We further observe that for larger values of transfer cost factor α, hub locations in the optimal solution are more likely to change for different demand uncertainty sets. The instances with no hub location change generally have smaller α values. For p = 2 , none of the instances with α ∈ {0.2, 0.4} has a change in the hub locations. Considering p = 5 , only the hub locations of the instance with the smallest α value, which is 0.2, remain unchanged. On the other hand, the CAB data set instances do not display any patterns depending on the value of p . All instances with p = 3 , 4 have a change in the hub 84 12,23,26,28 12,23,26,28 12,23,26,28 12,23,26,28 12,23,26,28 12,23,26,28 12,23,26,28 12,23,26 ,13,23,26,28 3,13,23,26,28 3,13,23,26,28 3,13,23,26,28 3,13,23,26,28 3,13,23,26,28 3,13,23,26,28 3,13,23,26 14,28,32,35 14,28,32,35 14,28,32,35 14,28,32,35 14,28,32,35 14,28,32,35 14,28,32,35 14,28,32 14,28,32,35 4,14,28,32,35 4,15,28,32,35 4,15,28,32,35 4,15,28,32,35 4,15,28,32,35 4,15,28,32,35 4,15,28,32,35 ,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 0.4 914.1 889.39 888.91 972.43 1,4,12,17,20 1,4,12,17,20 1,4,12,17,20 12,14,17,20,21 0.6 1129.91 1102.15 1102.61 1218.52 5,8,12,17,24 5,8,12,17,24 1,4,12,17,20 5,8,12,14,17 0.8 1322.23 1292.20 1296.0493 1429.30 5,12,14,17,22 5,12,17,22,24 1,4,12,17,20 5,12,14,17,22 Effects of estimated traffic bound values on optimal solutions -Dallas (7). 12,13,14,17 4,12,13,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14 ,4,12,17,20 1,4,12,17,20 1,4,12,17,20 1,4,12,17,20 1,4,12,17,20 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14 ,4,12,17,20 1,4,12,17,20 5,8,12,17,24 5,8,12,17,24 5,8,12,17,24 5,8,12,17,24 5,7,12,17,24 5,7,12,17,24 5,7,12,17 28 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 locations while there are instances with no change with p = 2 , 5 . It is difficult to draw any conclusions about the effects of p value on the optimal hub locations for different uncertainty sets. We observe, in Table 1 , that the changes in the locations of hubs are not major. Another important aspect to be considered is the performance of deterministic hub location decisions under different demand realizations. In Table 2 , we analyze, for the CAB data set, how the total cost will be affected if hubs are selected based on the deterministic model but the demand changes with one of the proposed uncertainty sets. We report the worst case costs using deterministic hub locations under different uncertainty sets and the percentage deviations from the optimal values. It can be observed that the deviation from the optimal value usually increases as α grows and the uncertainty set enlarges. However, there are some instances that does not follow this pattern. For example, the instance with p = 2 and α = 0 . 8 has its largest deviation (4.11%) in the hybrid model with ψ = 1 which is significantly greater than the deviation in the corresponding hose model solution (0.81%). In addition, we observe that by incorporating uncertainty into the decision making process, we can make savings of up to 4.11% in the total cost.
We perform the same location and cost analysis also on the TR data set instances. Table 3 presents the optimal hub locations and corresponding total transportation costs under different demand uncertainty model settings. Considering the hub locations, it can be seen that the TR data set is more sensitive to the changes in the demand. For all 16 instances, there has been a change in the hub locations in response to the demand model changes. In six of them, the hub location change occurs in the least conservative model with the demand uncertainty (hybrid model with ψ = 0 . 2 ). 11 instances out of 16 are exposed to changes in the hub locations under hybrid uncertainty models with ψ value up to 0.6. In the TR data, the cities Ankara (6), ˙I stanbul (34) and ˙I zmir (35) are the ones with the largest demand values. We observe that as the uncertainty set enlarges, these cities are more likely to be in the set of optimal hub locations. For example, with parameters p = 2 and α = 0 . 4 , 0 . 6 , 0 . 8 , the deterministic model chooses Kayseri (38) and Kocaeli (41) as hub locations while the hose model chooses Ankara (6) in all three instances and ˙I stanbul (34) in one of them. Additionally, from Tables 1 and 3 , it can be seen that the optimal value of the hybrid model converges to the optimal value of the hose model as ψ and consequently the upper bounds on the pairwise demands increases. Considering TR data set instance with p = 2 and α = 0 . 4 , the optimal solution value of the hybrid model increases as ψ grows and ultimately becomes equal to the optimal value of the hose model when ψ = 1 .
We also investigate how the total transportation cost is affected as we change the demand uncertainty model using the TR data set instances. In Table 4 , the deterministic model optimal hub locations, their total transportation costs under dif- Table 9 Effects of estimated traffic bound values on optimal solutions -Los Angeles (12). ,4,17,22 4,14,17,22 4,14,17,22 4,12,14,17 4,12,14,17 4,12,14,17 4,12,14,17 4,12,14,17 4,12,14,17 0.4 860 ,4,17,22 1,4,17,22 5,12,14,17 5,12,14,17 5,12,14,17 5,12,14,17 4,12,14,17 4,12,14,17 4,12,14 ,8,17,24 5,8,17,24 5,12,17,24 5,12,17,24 5,12,17,24 5,12,17,24 5,12,17,24 5,12,17,24 5,12,17 98 5,8,17,20 5,8,17,20 5,8,14,17 5,12,17,22 5,12,17,22 5,12,17,22 5,12,17,22 5,12,17,22 5,12,17 99 4,7,14,17,22 4,7,14,17,22 4,7,14,17,22 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14 ,4,17,20,22 4,7,14,17,22 1,4,12,17,20 1,4,12,17,20 1,4,12,17,20 4,7,12,14,17 4,7,12,14,17 4,7,12,14,17 4,7,12,14 ,8,17,22,24 5,8,17,22,24 5,8,12,17,24 5,8,12,17,24 5,8,12,17,24 5,8,12,17,24 5,8,12,17,24 5,8,12,17,24 5,8,12,17 ,4,17,20,22 5,8,14,17,20 5,8,14,17,20 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 5,12,14,17,22 ferent uncertainty models and the percentage deviations from the optimal value of the corresponding model are presented.
It can be seen that the deterministic model solutions perform well under the hybrid demand uncertainty with ψ value up to 0.6; the deviation from the optimal value is within less than 1.5%. However, for larger uncertainty sets, the total cost can be subject to an increase of up to 10%. Four of the instances under the hose model show percentage increase in the total transportation costs with 3.13%, 7.04%, 9.17% and 6.33%, respectively. An interesting observation is that for these instances, Ankara (6), ˙I stanbul (34) and ˙I zmir (35) are not selected as hub nodes in the deterministic model, unlike the hose model. It can be concluded that, in these instances, the cost of uncertainty may increase significantly when the nodes with large inbound and outbound traffic are not chosen as hubs. We obtained similar results after performing cost and location analysis for the AP data set instances. In Table 5 , we present the optimal transportation costs and hub locations under different demand models. There is a change in the optimal hub locations in 7 out of 12 AP data set instances. Again it can be seen that there is no pattern in the variations in the hub locations depending on the value of p . For the instances with 25 nodes, there exists a change in the optimal hub locations in all except the one with p = 2 . On the other hand, considering the instances with 40 nodes, the only instance that shows a change in the hub locations is the one with p = 2 . In Table 6 , we also provide the analysis of how the optimal hub locations of the deterministic model performs under different demand uncertainty models. In view of our computational results, the AP data set instances turn out to be quite resilient to the uncertainty in the demand. It can be seen that the maximum percentage deviation from the optimal value is 1.37% and for many instances the percentage deviation is almost zero. This may be because in the AP data set, nodes have more balanced traffic bound values compared to the CAB and TR data sets.
Another important point to be considered is how our estimation of traffic bounds affects the results of our models. To investigate this aspect, we tested the hose model on the CAB data set instances with various traffic bound values. Note that when all traffic bounds are increased or decreased with the same rate, the optimal hub locations stay the same and total transportation costs change proportionally. In order to consider the case where traffic bound for each node deviates with a different rate, we construct three distinct scenarios. In each scenario, nodes are grouped into three based on their former traffic bound values. We set a larger deviation for the group with smaller bounds since smaller amounts are more likely to change with a larger rate. In the first scenario, the nodes in the group with the largest traffic bounds have a rate of change in the interval [ −0.05,0.05] Table 7 . It can be seen that total transportation costs are slightly lower than the optimal values of the initial hose model instances for scenarios 1 and 2 and larger for scenario 3. Out of 16 instances, there has been a change in the optimal hub locations for five instances in scenario 3 (s3), three in scenario 2 (s2) and only one instance in scenario 1 (s1). The hose model results seem to be quite tolerant to the deviations in the traffic bounds. We also consider the effects of inaccurate estimation of the traffic bound of a single node on the CAB data set instances. In Tables 8 and 9 , we present our results for Dallas (7) and Los Angeles (12), respectively. Among the nodes with the highest traffic bounds, Dallas is the tenth node with 3% and Los Angeles is the third node with 7% of the total traffic. For each deviation level , we report optimal transportation cost and optimal hub locations. From these results, it can be seen that as the traffic bound of a node increases, it becomes more likely that a hub is installed closer to that node. For example, in Table 8 , considering instance p = 2 and α = 0 . 6 , the hub located at Pittsburgh (20) moves to Cincinnati (5) as the traffic bound of Dallas is increased by 40%. In four instances out of 16, a hub is installed at Dallas (7) due to an increase in the traffic bounds. In Table 9 , Los Angeles (12) is selected as a hub for all instances with = 0 . However, in the case that traffic bound of Los Angeles drops by 40%, the hub at Los Angeles is moved to another location in seven instances. On the other hand, hub location changes generally occur after a 40% variation in the demand. Considering Dallas (7) and Los Angeles (12) as average and high level demand nodes respectively, it can be concluded that the hose model results are resistant to fluctuations in the demand of a single node.
In summary, we observed that with minor changes in hub locations, it is possible to hedge against demand uncertainty. When the cost reduction in hub-to-hub transfers is high, demand uncertainty has more impact on the hub locations. Finally, nodes with high traffic bounds are more likely to become hubs or be close to hubs as the level of uncertainty increases.
Comparison of exact methods
Next we analyze the performance of the proposed exact solution methods using AP instances. In Table 10 , we present the results obtained for the robust UMA p HMP with hose demand uncertainty using the mathematical model, the first Benders decomposition proposed in Section 4.1 (Benders 1) and the Benders decomposition by projecting out flow variables as described in Section 4.2 (Benders 2). We compare the computational effectiveness of each approach in terms of solution times. We also present the number of Benders cuts added and the number of callbacks performed in Benders 1 and Benders 2 until the optimal solution or the best solution obtained within the time limit. Since we use the lazy constraint callback function of the CPLEX, the number of callbacks here implies how many times the lazy constraints are checked during the branch-and-bound process. At each time an incumbent solution is found, associated optimality cuts are added to a cut pool managed by the solver. "# of Cuts Added" represents the number of optimality cuts added until optimality is achieved. Note that the first Benders approach adds at most a single cut in each iteration whereas in the second, at most n (n − 1) cuts can be added. The solutions marked with an asterisk are the best of the solutions obtained within the time limit. For the unsolved instances, instead of the solution time, the optimality gap is reported.
The mixed integer programming model can be solved for instances with at most 50 nodes while Benders decomposition based formulations succeed to solve instances with up to 200 nodes. Benders 1 can not solve three instances out of 21 Table 11 Comparison of exact approaches for hybrid demand uncertainty -small AP instances.
Table 12
Comparison of exact approaches for hybrid demand uncertainty -large AP instances.
The results in Table 12 indicate that Benders 1 outperforms Benders 2 in terms of solution times for large instances with hybrid demand uncertainty. Benders 1 is able to solve all of 54 instances whereas Benders 2 can not solve 11 of them. Considering all the results for the robust UMA p HMP under hybrid demand uncertainty, we observe that Benders 1 tends to perform better as n increases and p decreases.
Conclusions
In this study, we introduced the robust multiple allocation p -hub median problems under hose and hybrid demand uncertainty sets. We presented compact mixed integer programming formulations and two Benders decomposition approaches to solve these problems. The results showed that keeping the dual variables in the master problem and adding multiple cuts works better with the hose model whereas moving the dual variables to the subproblem and adding a single cut at each iteration works better for large size instances with hybrid uncertainty.
When we examined the optimal solutions, we observed that the demand uncertainty does not result in big changes in the hub locations. The locations either remain the same or move to a close place. We believe that the reason for this is that when the hub locations are given, each commodity is routed on a shortest path from its origin to its destination regardless of the amount of demand. In summary, we observed that with minor changes in the hub network, one can hedge against uncertainty and obtain significant cost savings.
As future research, our aim is to incorporate demand uncertainty into different variants of the hub location problem using hose and hybrid models. The uncapacitated p -hub median problem has basic assumptions such as the hub network being complete, the discounts being independent of the amount of flow and the hubs being uncapacitated. In some instances, we observed that flows between two hub nodes are less than flows between non hub and hub nodes. Related with this, most of the flow in the network goes through a few hubs and the remaining hubs handle much less flow. Relaxing the assumptions on the network and discount structure and capacities may lead to more realistic problems. However, we expect the resulting problems to be more challenging.
